
2316 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 69, NO. 2, FEBRUARY 2020

Double Space–Time Line Codes

Jingon Joung , Senior Member, IEEE,
Jihoon Choi , Senior Member, IEEE,

and Bang Chul Jung , Senior Member, IEEE

Abstract—In this paper, an M × 4 double space-time line code
(D-STLC) is designed for a system with M -transmit and four-receive
antennas whose channel state information is available at the transmit-
ter. By delivering two independent STLC data streams simultaneously,
both spatial diversity and multiplexing gains are obtained, like a 4 × M
double space-time transmit diversity (DSTTD) system that transmits two
space-time block coded data streams. It is analytically shown that the
decoding signal-to-interference-plus-noise ratios of D-STLC and DSTTD
are identical to each other, and furthermore, it is numerically verified that
the proposed D-STLC significantly outperforms a conventional M × 4
STLC scheme and other existing spatial-diversity and spatial-multiplexing
schemes, such as precoded space-time block code and precoded spatial
multiplexing, in terms of achievable rate and bit-error-rate performance
as the signal-to-noise ratio and/or transmission data rate increase.

Index Terms—Space-time line code, spatial diversity, spatial multi-
plexing, precoding, DSTTD, STBC.

I. INTRODUCTION

Recently, a space-time line code (STLC) has been proposed in [1] as
a dual transmission scheme of space-time block code (STBC) [2]–[5].
Basic antenna configurations of STLC and STBC are symmetric, e.g., a
1 × 2 STLC system that has the one-transmit antenna and two-receive
antennas, as shown in Fig. 1(a), is symmetric with a 2 × 1 STBC system
that has two-transmit antennas and one-receive antenna. Both 1 × 2
STLC and 2 × 1 STBC achieve full spatial-diversity gain with the order
of two and full data rate, i.e., one symbol per transmission. Furthermore,
they are symmetric for the channel state information (CSI): full CSI is
assumed to be known only at the transmitter (Tx) for STLC, whereas
only at the receiver (Rx) for STBC. Since the STLC encoding and
decoding can be implemented by using a simple linear processing like
the STBC, the STLC scheme has been applied to various communica-
tion systems in which CSI is available at the Tx, such as the massive
multiple-input and multiple-output (MIMO) and multiuser systems [6],
[7], two-way relay systems [8], [9], antenna shuffling systems [10], ma-
chine learning-based blind decoding systems [11], and physical-layer
security systems [12]. The previous studies on STLC, however, have
considered a single-data stream transmission for each Rx.

Manuscript received March 30, 2019; revised July 15, 2019, October 1,
2019, and November 27, 2019; accepted December 1, 2019. Date of publication
December 9, 2019; date of current version February 12, 2020. This work was
supported by the National Research Foundation of Korea (NRF) of the Korea
Government (MSIT) under Grant 2018R1A4A1023826. The review of this
article was coordinated by Prof. Y. L. Guan. (Corresponding author: Jihoon
Choi.)

J. Joung is with the School of Electrical and Electronics Engineering, Chung-
Ang University, Seoul 06974, South Korea (e-mail: jgjoung@cau.ac.kr).

J. Choi is with the School of Electronics and Information Engineer-
ing, Korea Aerospace University, Gyeonggi-do 10540, South Korea (e-mail:
jihoon@kau.ac.kr).

B. C. Jung is with the Department of Electronics Engineering, Chungnam
National University, Daejeon 34134, Korea (e-mail: bcjung@cnu.ac.kr).

Digital Object Identifier 10.1109/TVT.2019.2958666

Fig. 1. STLC system models. (a) The conventional 1 × 2 STLC system [1],
[6]–[11]. (b) The proposed M × 4 D-STLC system when M = 2.

This paper considers an M × 4 system with M -transmit and four-
receive antennas. When the CSI is available at the Tx, STBC schemes
combined with precoding have been investigated for limited feedback
precoding [13], an optimal precoder design under CSI uncertainty [14],
and linear precoding over correlated Rician channels [15]. The limited
feedback precoding in [13] achieves diversity gain when the transmitter
has more than two antennas, and the precoding schemes in [14] and [15]
improve the performance of STBC under imperfect CSI and/or corre-
lated channels. Moreover, these schemes require CSI at both Tx and
Rx. In [16], precoded spatial multiplexing (SM) with channel inversion
was proposed for multi-stream transmission with perfect CSI at a Tx,
however, this method presents significant performance degradation due
to noise enhancement.

On the other hand, 4 × 2 double space–time transmit diversity
(DSTTD) schemes that can deliver two-multiplexed STBC signals
simultaneously were proposed to increase the data rate of the STBC
systems [17]–[20]. However, no such kind of rate enhancing schemes
has been studied for the STLC systems so far.

In this paper, assuming that the CSI is available at the Tx, we
propose a double STLC (D-STLC) that delivers two-STLC data streams
through an M × 4 channel of M -transmit and 4-receive antennas,
whereM ≥ 2, as shown in Fig. 1(b) withM = 2. Sustaining the STLC
decoding structure (i.e., received signal combining) at the Rx, a D-
STLC precoding matrix is designed based on a minimum mean-square
error (MMSE) criterion. Similar to the symmetry between STLC and
STBC, the proposed M × 4 D-STLC and the 4 ×M DSTTD schemes
are perfectly symmetric for the antenna configuration and the CSI
condition, and their signal-to-interference-plus-noise ratios (SINRs) are
the same as each other. It is analytically shown that the decoding SINR
of M × 4 D-STLC is identical to that of 4 ×M DSTTD. From nu-
merical results, it is verified that the proposed M × 4 D-STLC system
achieves better achievable rate and bit-error-rate (BER) performance
than an existing single-stream M × 4 STLC system, precoded STBC,
and precoded SM systems, especially, as the signal-to-noise ratio (SNR)
and/or transmission data rate increase.

Notations: Superscripts T , H , ∗, and −1 denote transposition,
Hermitian transposition, complex conjugate, and inversion, respec-
tively, for any scalar, vector, or matrix. The notation |x|, ‖x‖, and
‖X‖F denote the absolute value of x, the norm of vector x, and the
Frobenius-norm of matrix X , respectively; Im and 0m represent an
m-by-m identity matrix and a zero matrix, respectively; tr(A) is a
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trace operation of matrix A; A⊗B represents the Kronecker product
of matricesA andB; vec(A) is the column vector obtained by stacking
the columns of matrix A, e.g., if A = [a1,a2], vec(A) = [a1

a2
]; and

x ∼ CN (0, σ2) means that a complex random variable x conforms to
a complex normal distribution with a zero mean and variance σ2. E[x]
stands for the expectation of random variable x.

II. DOUBLE STLC DESIGN

We first introduce a 1 × 2 STLC scheme in [1] with its alternative
form, and then design an M × 4 D-STLC scheme that transmits two-
data streams through M antennas (precisely, four information sym-
bols, x1, x2, x3, and x4, through M -transmit antennas in consecutive
transmissions).

A. Alternative Form of 1 × 2 STLC Signal and System Model

Consider a 1 × 2-STLC system that has one-transmit and two-
receive antennas and transmits a single data stream. Two information
symbols, x1 and x2, are delivered to the Rx through two consecutive
transmissions, where without loss of generality E[|xi|2] = 1.

Employing a type-five STLC structure in [1, Table 4], the STLC
symbols in [1] are alternatively represented as follows:

[s1 s2] =

√
PhH

‖h‖

[
x1 −x∗

2

x2 x∗
1

]
, (1)

where h = [h1, h2]
T is a channel vector and hn represents the channel

gain from the transmit antenna to receive antenna n. Here, the transmit
power is assumed to be limited by P i.e., E[|st|2] = P . Denoting
rn,t is the received signal at receive antenna n at time t, the received
signals for two consecutive time intervals are then expressed as a matrix
form, i.e.

R =

[
r1,1 r1,2

r2,1 r2,2

]
= [r1 r2] = h[s1 s2] +Z ∈ C2×2, (2)

whereR ∈ C2×2 is the received signal matrix;rt ∈ C2×1 is the received
signal vector at time t; Z = [z1 z2] ∈ C2×2 is a noise matrix whose
(n, t)th element zn,t is the additive white Gaussian noise (AWGN) at
rn,t. Here, a block fading channel is assumed, such that the channel
is static for two symbol durations (i.e., one STLC block) and it varies
randomly between STLC blocks.

By stacking r1 on the conjugate of r2, we construct the alternative
form of the received signal vector as follows:

r =

[
r1

r∗
2

]
=

⎡
⎢⎢⎢⎣
r1,1

r2,1

r∗1,2
r∗2,2

⎤
⎥⎥⎥⎦ =

√
P

‖h‖

⎡
⎢⎢⎢⎣

h1h
∗
1 h1h

∗
2

h2h
∗
1 h2h

∗
2

(h1h
∗
2)

∗ −(h1h
∗
1)

∗

(h2h
∗
2)

∗ −(h2h
∗
1)

∗

⎤
⎥⎥⎥⎦
[
x1

x2

]
+

[
z1

z∗
2

]

=

√
P

‖h‖

[
hhH

(hhH)∗P 2

]
x+ z ∈ C4×1, (3)

where P 2 = [ 0 −1
1 0 ],x = [x1

x2
], and z = [z1

z∗
2
]. Using (3), the combined

STLC signals are then represented as follows:

[I2 P T
2 ]r =

√
P

‖h‖
(
hhH + P T

2 (hh
H)∗P 2

)
x+ z1 + P T

2 z
∗
2

=
√
P‖h‖x+ z12 ∈ C2×1, (4)

wherez12 = z1 + P T
2 z

∗
2 andz12 ∼ CN (0, 2σ2I2). Note that the com-

bining process in (4) does not require CSI and that there is no inter-
symbol interference (ISI) between x1 and x2 in the combined signals.
Thus, x1 and x2 are recovered using two separate maximum likelihood
detections as in an STBC decoder. Here, the effective channel gain
‖h‖, which is a single real-value scalar, i.e., partial CSI not full CSI,
is generally required at the receiver. The effective channel gain can be
blindly estimated [21]. For phase-shift keying (PSK) symbol detection,
even the partial CSI is not required as it does not affect the phase
information. The decoding SNR, ρSTLC, after the STLC combining is
readily derived from (4) as

ρSTLC =
P‖h‖2

2σ2
, (5)

which is identical to the decoding SNR of a 2 × 1 STBC system. From
(5), we verify that the 1 × 2 STLC system achieves the same spatial-
diversity and array gains as the 2 × 1 STBC system, as also verified
in [1].

B. Design of M × 4 D-STLC System

Conforming to the alternative structure of 1 × 2 STLC, we derive
an M × 4 D-STLC scheme for M ≥ 2. Define an STLC symbol trans-
mitted through antenna m at time t by sm,t, where m ∈ {1, 2, . . . ,M}
and t ∈ {1, 2}. An M -by-2 STLC symbol matrix is then represented
as follows:

S =

⎡
⎢⎢⎢⎢⎣
s1,1 s1,2

s2,1 s2,2

...
...

sM,1 sM,2

⎤
⎥⎥⎥⎥⎦ =

√
PW

‖W ‖F

⎡
⎢⎢⎢⎣
x1 −x∗

2

x2 x∗
1

x3 −x∗
4

x4 x∗
3

⎤
⎥⎥⎥⎦ ∈ CM×2, (6)

whereW ∈ CM×4 is a general precoding matrix for the D-STLC which
we will design. Note that the average transmit power of anM × 4 STLC
system is the same as that of a 1 × 2 STLC system i.e., E[‖S‖2F] = 2P.
We can interpret that a precoding vector for 1 × 2 STLC in (1) is the
channel vector.

In an M × 4 STLC, the received signals are written in a matrix form
as follows:

R = [r1 r2] = HS +Z ∈ C4×2, (7)

where rt ∈ C4×1 is the received signal vector at time t, H ∈ C4×M

is the channel matrix whose (n,m)th element hn,m is the channel
gain between the mth-transmit and the nth-receive antennas, and Z ∈
C4×2 is the corresponding AWGN matrix to R. By stacking r1 on the
conjugate of r2 in (7), we now construct the alternative form of the
received signal vector r ∈ C8×1 as follows:

r =

[
r1

r∗
2

]
=

√
P

‖W ‖F

[
HW

(HW )∗P 4

]
x+

[
z1

z∗
2

]
, (8)

where x = [x1 x2 x3 x4]
T ; P 4 = I2 ⊗ P 2 ∈ R4×4; and zt ∈

C4×1 is the tth column of Z. Conforming to the STLC combining
structure in (4), the D-STLC received signals in r are simply combined
at the Rx as [

I4 P T
4

]
r = gGx+ z12 ∈ C4×1, (9)

where g =
√
P

‖W ‖F is a constant gain, G = HW + P T
4 H

∗W ∗P 4

is an effective channel matrix, and z12 = z1 + P T
4 z

∗
2 with z12 ∼

CN (0, 2σ2I4). Since G ∈ C4×4 is clearly a non-diagonal matrix, there
exist ISIs among the information symbols {x1, . . . , x4}. To mitigate
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the ISI, we design W to minimize the mean-square error (MSE) that
is defined as

J(W ) = E
[‖x̃− x‖2] = E

[∥∥∥∥1g [I4 PT
4

]
r − x

∥∥∥∥
2
]
, (10)

where the partial CSI g is required at the Rx to detect generally
modulated symbols, yet it is not required for PSK symbols. Using (10),
the optimal W is found as

Wo = min
W∈CM×4

J(W ). (11)

From the fact thatJ(W ) is a convex function with respect toW , we can
obtain Wo from the first-order optimality condition, i.e., ∂J(W )

∂W ∗ = 0,
which is alternatively written as (see Appendix A for details)

QW +HHP T
4 H

∗W ∗P 4 = HH , (12)

where Q = (HHH + cIM ) and c = 4σ2/P .
To obtain W satisfying (12), we rewrite (12) in a vector form as

follows:
A1vec(W ) +A2vec(W

∗) = vec(HH) (13)

where A1 = I4 ⊗Q, A2 = (P 4 ⊗A3), and A3 = HHP 4H
∗.

Equivalently, (13) is rewritten in a vector-matrix form as[
A1 A2

A∗
2 A∗

1

][
vec(W )

vec(W ∗)

]
=

[
vec(HH)

vec(HT)

]
. (14)

From the matrix inversion lemma, we obtain[
A1 A2

A∗
2 A∗

1

]−1

=

[
B1 B2

B∗
2 B∗

1

]
, (15)

where B1 = (A1 −A2(A
∗
1)

−1A∗
2)

−1 and B2 = −A−1
1 A2B

∗
1. Using

(15) to (14), vec(Wo) that satisfies (13) is obtained as

vec(Wo) = B1vec(H
H) +B2vec(H

T). (16)

Using the properties of Kronecker product [22], namely,
(A⊗B)(C ⊗D) = (AC)⊗ (BD) and (BT ⊗A)vec(X) =
vec(AXB), vec(Wo) in (16) is rewritten in a matrix form, which is
the optimal solution of (11), as follows (see Appendix B):

Wo = C1H
H +C2H

TP 4, (17)

where C1 = (Q−A3(Q
∗)−1AH

3 )−1 and C2 = Q−1A3C
∗
1.

C. Analysis on D-STLC Systems

The decoding SINR of D-STLC is derived in Lemma 1.
Lemma 1: The SINR of D-STLC, denoted by ρi for xi, is derived

as follows:

ρi =
P

4σ2[F ]i,i
− 1, i ∈ {1, 2, 3, 4}, (18)

where F = HHH + P T
4 H

∗HTP 4 + cI4 and [F ]i,i is the (i, i)th
element of F .

Proof: See Appendix C. �
Note that the decoding SINR in (18) is identical to that of a DSTTD

system in [17], and this is also verified numerically in Fig. 2, where
the decoding SINRs of 2 × 4 D-STLC, 4 × 2 DSTTD [17]–[20], 2 × 4
SM [16], 4 × 2 precoded STBC [13], and 2 × 4 STLC [1] are compared
over SNR, P/σ2. Here, the available code rates (denoted by ‘cr’) for
2 × 4 STLC are only 3/4 and 1/2 i.e., respectively, C5 and C7 in [1,
Tab. 7]. It is noticeable that an STLC with full code rate does not exists

Fig. 2. Decoding SNR comparison of the eight-spatial-channel systems.

Fig. 3. Achievable rate comparison of the eight-spatial-channel systems.

for four receive antennas as in the STBC system with four transmit
antennas.

Since the SINR of D-STLC is the same as that of DSTTD, the
diversity order of D-STLC is also identical to that of DSTTD. In a
similar approach to [17], the diversity order of the proposed M × 4
D-STLC is obtained in Lemma 2.

Lemma 2: The diversity order of an M × 4 D-STLC system is
approximately given by (2M − 2) in a high SNR regime.

Proof: See Appendix D. �
In addition, from (18), the achievable rate of D-STLC is given by

η =
1
2

4∑
i=1

log2(1 + ρi). (19)

In Fig. 3, the achievable rates of the proposed D-STLC, DSTTD [17]–
[20], precoded SM [16], precoded STBC [13], and STLC [1] are
compared. As shown in the results, the achievable rate of the proposed
D-STLC is identical to that of DSTTD and it is significantly greater than
that of other schemes, particularly in a high SNR regime. The precoded
SM scheme outperforms the conventional STLC scheme, especially,
when SNR is high, whereas the precoded STBC outperforms other
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TABLE I
MODULATION TYPES AND CODE RATES (cr) FOR M × 4 SYSTEMS WITH

FIXED TARGET DATA RATE (dr), WHERE M ∈ {4, 6}

Fig. 4. BER performance comparison of M × 4 systems when dr =
4 bps/Hz.

schemes when SNR is low. Here, note that the precoded STBC uses
full CSI at both Tx and Rx. Since the multiplexing schemes, namely
D-STLC, DSTTD, and precoded SM, can transmit double data streams,
even though their SINRs are lower than that of precoded STBC and
STLC schemes as shown in Fig. 2, they can achieve greater rate when
SNR is high. This is further verified in the next section through Monte
Carlo BER simulation.

III. BER PERFORMANCE EVALUATION AND COMPARISON

In this section, we compare the BER performance ofM × 4 systems
including STLC, precoded STBC, the proposed D-STLC, and precoded
SM, by varying SNR, P/σ2, where M ∈ {4, 6}. Note that the perfor-
mance of 4 ×M DSTTD is omitted in the results since it is identical
to that of M × 4 D-STLC. For a fair comparison, we set the target data
rates (denoted by ‘dr’) to be identical for all transmission methods by
employing different modulation types and code rates, as summarized
in Table I. For specific data rates, namely 4, 6, and 8 bps/Hz, different
modulation types, e.g., quadrature amplitude modulation (QAM) and
PSK, and the code rates cr ∈ {0.5, 1, 2, 4} are used for the different
schemes.

In Fig. 4, BERs are evaluated fordr = 4. From the simulation results,
it is verified that the proposed D-STLC outperforms the conventional
single-stream STLC scheme irrespective of the SNR, since the STLC
has to employ much higher-order modulation to achieve the same
data rate as the D-STLC. The proposed D-STLC also outperforms the
SM scheme, since the gain of the precoded SM is marginal when the
modulation sizes are similar to each other, namely BPSK for SM and
QPSK for D-STLC. On the other hand, D-STLC shows comparable
performance to the precoded STBC i.e. D-STLC achieves slightly

Fig. 5. BER performance comparison of M × 4 systems when
dr = 6 bps/Hz.

Fig. 6. BER performance comparison of M × 4 systems when
dr = 8 bps/Hz.

worse performance than the precoded STBC when M = 4; however,
it slightly outperforms the precoded STBC when M = 6. Here, it is
worth reemphasizing that the precoded STBC requires full CSI at both
Tx and Rx, whereas D-STLC requires full and partial CSIs at Tx and
Rx, respectively. However, as the data rate increases to dr = 6, the
D-STLC scheme outperforms the precoded STBC regardless of M and
SNR, as shown in Fig. 5. This is further clearly shown as the data
rate increases to dr = 8 as shown in Fig. 6. For the high data rate,
i.e., dr = 8, the precoded SM slightly outperforms D-STLC in the low
SNR region, due to the high multiplexing gain. However, with large
spatial-diversity gain, the proposed D-STLC outperforms others when
SNR is greater than 7.5 dB for M = 4 and 12.5 dB for M = 6.

From the results, we can surmise that the proposed D-STLC is gener-
ally a promising spatial diversity-and-multiplexing scheme, particularly
in a high-SNR regime.

IV. CONCLUSION

In this paper, a D-STLC that transmits two-STLC data streams
has been designed for a system with M -transmit and four-receive
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antennas with full CSI only at the transmitter. It has been shown that the
spatial-diversity and spatial-multiplexing gains of an M × 4 D-STLC
are identical to those of a 4 ×M DSTTD that transmits two STBC data
streams. Through numerical simulations, it has been verified that the
achievable rate and BER performance can be dramatically improved
by using the proposed D-STLC, especially when the SNR and/or data
rate is high. The proposed M × 4 D-STLC scheme can be directly
extended to an arbitrary number of the receive antennas. Moreover, it is
a good research topic to combine conventional high-rate STBCs with
the STLC transmission scheme.

APPENDIX A
FIRST ORDER OPTIMALITY CONDITION IN (12)

Proof: From the definition of MSE in (10), we can write

J(W ) = E
[∥∥(HW + P T

4 H
∗W ∗P 4

)
x+ g−1z12 − x

∥∥2
]

= E
[∥∥(HW + P T

4 H
∗W ∗P 4 − I4

)
x+ g−1z12

∥∥2
]

= tr
[(
WHHH + PH

4 W THTP 4 − I4

)
E[xxH ]

× (HW + P T
4 H

∗W ∗P 4 − I4

)]
+ g−2E

[
zH

12z12

]
= tr

[(
WHHH + PH

4 W THTP 4 − I4

)
× (HW + P T

4 H
∗W ∗P 4 − I4

)]
+ 2c tr

(
WWH

)
where we used that tr(AB) = tr(BA), P T

4 = −P 4, and P 4P 4
T =

I4. The first derivative of J(W ) with respect to W ∗ is then derived as
follows:

∂J(W )

∂W ∗ = 2HHHW + 2HHP T
4 H

∗W ∗P 4 − 2HH + 2cW .

Therefore, the condition, ∂J(W )
∂W ∗ = 0, is equivalent to (12). This com-

pletes the proof. �

APPENDIX B
DERIVATION OF (17)

Proof: We first represent B1 as follows:

B1 =
[
I4 ⊗Q− (P 4 ⊗A3)

(
I4 ⊗ (Q∗)−1

)
(P 4 ⊗A∗

3)
]−1

=
[
I4 ⊗Q− (P 4I4P 4)⊗A3(Q

∗)−1A∗
3

]−1

=
[
I4 ⊗Q+ I4 ⊗A3(Q

∗)−1A∗
3

]−1

=
[
I4 ⊗

(
Q+A3(Q

∗)−1A∗
3

)]−1

= I4 ⊗
[
Q−A3(Q

∗)−1AH
3

]−1

= I4 ⊗C1. (B.1)

Here, we used that (A⊗B)(C ⊗D) = (AC)⊗ (BD), (I ⊗A+
I ⊗B) = I ⊗ (A+B), P T

4 = −P 4, P 4P 4
T = I4, and A∗

3 =
−AH

3 .
By substituting (B.1) to (16), the optimal vector, vec(Wo), is the

further derived as follows:

vec(Wo) = (I4 ⊗C1) vec(H
H)− (I4 ⊗Q)−1

× (P 4 ⊗A3)(I4 ⊗C1)
∗vec(HT)

= vec(C1H
H)− (I4P 4I4)⊗

(
Q−1A3C

∗
1

)
× vec(HT)

= vec(C1H
H)− P 4 ⊗

(
Q−1A3C

∗
1

)
vec(HT)

= vec(C1H
H)− vec

(
Q−1A3C

∗
1H

TPT
4

)
= vec

(
C1H

H +Q−1A3C
∗
1H

TP 4

)
, (B.2)

where we used that (A⊗B)−1 = A−1 ⊗B−1, (A⊗B)(C ⊗D) =
(AC)⊗ (BD) and (BT ⊗A)vec(X) = vec(AXB). By recon-
structing the vectors in (B.2) into a matrix form, we obtain (17). This
completes the proof. �

APPENDIX C
PROOF OF SINR IN LEMMA 1

Proof: Suppose that Wo in (17) is used at the transmitter. From (8)
and (9), the decoding error vector is given by

eo =

([
H P T

4 H
∗] [ W o

W ∗
oP 4

]
− I4

)
x+ g−1z12. (C.1)

We first derive the correlation matrix of eo as follows:

Re = E[eoe
H
o ]

= I4 −
[
H P T

4 H
∗
] [ W o

W∗
oP 4

]
, (C.2)

where the first-order optimality condition in (12) was used. The corre-
lation matrix is rewritten as

Re = I4 −
[
H P T

4 H
∗] [C1H

H +C2H
TP 4

C∗
2H

H +C∗
1H

TP 4

]

= I4 −
[
H P T

4 H
∗] [ C1 C2

−C∗
2 C∗

1

][
HH

HTP 4

]

(a)
= I4 −Ht

(
HH

t Ht + cI2 M

)−1
HH

t

(b)
= c(HtH

H
t + cI4)

−1 = cF −1, (C.3)

where Ht = [H P T
4 H

∗] ∈ C4×2M ; (a) follows the fact that

(
HH

t Ht + cI2M

)−1
=

[
HHH + cIM HHP T

4 H
∗

HTP 4H HTH∗ + cIM

]−1

=

[
Q −A3

−AH
3 Q∗

]−1

=

[
C1 C2

−C∗
2 C∗

1

]
;

(C.4)

and (b) is obtained from the matrix inversion lemma. Since the (i, i)th
element of Re is the MSE for decoding xi, the decoding SINR of
D-STLC is expressed as (18). �

APPENDIX D
PROOF OF DIVERSITY ORDER IN LEMMA 2

Proof: From (16), Wo is rewritten as

Wo = [C F ][g1 g2 g3 g4] (D.1)

where [g1 g2 g3 g4] = [ HH

HTP 4
] for gi ∈ C2M×1. Since gH

1 g2 =

gH
3 g4 = 0, from (12) of [17], the decoding SINR values for symbols
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{x1, x2, x3, x4} can be described as

ρ1 = gH
1

(
g3g

H
3 + g4g

H
4 + cI4

)−1
g1, (D.2)

ρ2 = gH
2

(
g3g

H
3 + g4g

H
4 + cI4

)−1
g2, (D.3)

ρ3 = gH
3

(
g1g

H
1 + g2g

H
2 + cI4

)−1
g3, (D.4)

ρ4 = gH
4

(
g1g

H
1 + g2g

H
2 + cI4

)−1
g4. (D.5)

In (D.2), all decoded symbols have the same diversity order because the
SINR expressions have the same structure. Without loss of generality,
we consider the decoding SINR ρ1 only. By eigen decomposition, we
can write

g3g
H
3 + g4g

H
4 = UΛUH (D.6)

where U ∈ C2M×2 M is a unitary matrix and Λ =
diag(λ1, λ2, 0, . . . , 0) ∈ R2M×2 M with eigenvalues λ1 and λ2.
Using (D.6), we can rewrite ρ1 as follows:

ρ1 = gH
1 U(Λ+ cI4)

−1UHg1

= vH(Λ+ cI4)
−1v

=
|v1|2

λ1 + c
+

|v2|2
λ2 + c

+
1
c

2M∑
i=3

|vi|2, (D.7)

where v = UHg1 ∈ C2M×1 and vi is the ith element of v. In high
SNR region, λ1 = λ2 = ‖g1‖2 = ‖g2‖2 	 c = 4σ2

P
, and thus, we can

approximate the SINR ρ1 as

ρ1 ≈ 1
c

(|v3|2 + |v4|2 + · · ·+ |v2 M |2) . (D.8)

Notice that the distribution of |vi|2 is identical to that of |hn,m|2 from
the definitions ofg1 andv, and that the approximated SINR expressions
for ρ2, ρ3, and ρ4 can be dirived in a similar form to ρ1. Therefore, the
diversity order of the proposed D-STLC is approximately 2M − 2 for
all data streams in high SNR region. �
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